Small distortions in the images of Einstein rings or giant arcs offer the exciting prospect of detecting dark matter haloes or subhaloes of mass below 10 9 M , most of which are too small to have made a visible galaxy. A very large number of such haloes are predicted to exist in the cold dark matter model of cosmogony; in contrast other models, such as warm dark matter, predict no haloes below a mass of this order which depends on the properties of the warm dark matter particle. Attempting to detect these small perturbers could therefore discriminate between different kinds of dark matter particles, and even rule out the cold dark matter model altogether. Globular clusters in the lens galaxy also induce distortions in the image which could, in principle, contaminate the test. Here, we investigate the population of globular clusters in six early type galaxies in the Virgo cluster. We find that the number density of globular clusters of mass ∼ 10 6 M is comparable to that of the dark matter perturbers (including subhaloes in the lens and haloes along the line-of-sight). We show that the very different degrees of mass concentration in globular clusters and dark matter haloes result in different lensing distortions. These are detectable with milli-arcsecond resolution imaging which can distinguish between globular cluster and dark matter halo signals.
INTRODUCTION
Perhaps the most fundamental prediction of cosmogonic models in which the dark matter consists of cold collisionless particles (CDM), such as the current cosmological paradigm, ΛCDM, is the existence of a very large number of dark matter haloes with masses extending well below the masses of even the faintest galaxies known (for example, down to an Earth mass for a few GeV weakly interacting particle Green et al. (2005) ) (Diemand et al. 2007; Springel et al. 2008; Frenk & White 2012) . This property distinguishes CDM models from models in which the dark matter is a warm particle (WDM), such a sterile neutrino (Boyarsky et al. 2009 ). In this case, particle free streaming in the early universe induces a low-mass cutoff in the power spectrum of density perturbations. As a result, few dark matter haloes of mass less than about 10 8 M (depending on the particle properties, (see Lovell et al. 2016; Bose et al. 2016 )) ever form. Searching for haloes smaller than about 10 8 M provides a clearcut way to distinguish between these dark matter candidates. Finding a dark matter halo of mass, say, 10 7 M would rule out most WDM models of interest. Conversely, failing to find such haloes would conclusive rule CDM models, including ΛCDM.
A major difficulty in applying this test is that the haloes of interest are too small ever to make a galaxy and are thus completely dark (see Sawala et al. 2016 , and references therein). For this reason attempts to test CDM or distinguish it from WDM using the abundance of the more massive haloes that do make a galaxy are misguided: many studies dating back to semi-analytic models in the early 2000s (Bullock et al. 2000; Benson et al. 2002; Somerville 2002) and, more recently, using hydrodynamic simulations (Okamoto & Frenk 2009; Macciò et al. 2006; Sawala et al. 2016; Wetzel et al. 2016, e.g.) have clearly demonstrated that physically-based ΛCDM models predict the correct number of faint galaxies, including satellites of the Milky Way. By contrast, the observed abundance of satellites can be used to rule out regions of the WDM parameter space Kennedy et al. (2014); Lovell et al. (2016) .
A conclusive test of CDM and many other particle dark matter candidates requires counting dark, small-mass haloes. Fortunately these are detectable through gravitational lensing, specifically through the distortions they induce in strongly lensed systems that produce Einstein rings or giant arcs (Koopmans 2005; Vegetti & Koopmans 2009a,b; Vegetti et al. 2012; Hezaveh et al. 2016; Li et al. 2016) . Until recently, it was thought that the distortions would come from substructures inside the lens. However, Li et al. (2017) have recently shown that the distortions in CDM and WDM models are dominated by intervening haloes projected onto the Einstein ring or strong lens rather than by subhaloes in the lens. This is a fortunate feature because it makes the test of particle candidates particularly clean: small-mass intervening haloes are not affected in any way by baryon effects, unlike subhaloes some of which can be destroyed by interaction with the central galaxy (Sawala et al. 2017; Garrison-Kimmel et al. 2017) .
For the lensing test to be effective, it is essential to be able to detect haloes of small mass . The detection limit of a particular observation depends on the resolution of the imaging data. High resolution imaging with the Hubble Space Telescope (HST) can reveal haloes down to at least ∼ 10 9 M (Vegetti et al. 2010) , while adaptive optics on the Keck telescope can reveal haloes down to ∼ 10 7 M (Vegetti et al. 2012) . Simulations show that even smaller haloes, down to 10 6 M , can be detected in radioselected strong lenses (McKean et al. 2015) . Li et al. (2016) recently investigated the sample size and detection limit required to distinguish ΛCDM from the particularly interesting WDM model in which the particles are 7 keV sterile neutrinos whose decay could explain the 3.5 keV X-ray line recently detected in galaxies and clusters (Boyarsky et al. 2014; Bulbul et al. 2014) . In this case, the cutoff in the halo mass function occurs at a mass of ∼ 10 8 M . With a detection limit of 10 7 M , 20 ∼ 100 lenses would suffice to distinguish even the coldest 7 kev sterile neutrino model allowed by the X-ray data from CDM. Li et al. (2016) also showed that the constraining power increases rapidly with improvements in the detection limit. If VLBI imaging could really reach a detection limit of 10 6 M , a handful of lens systems would already be enough conclusively to rule out all 7 keV sterile neutrinos, if a signal is found, or CDM if it is not.
A potential complication arises because dark matter haloes and subhaloes are not the only objects that can perturb an Einstein ring. Globular clusters in the lens galaxy could also be a source of perturbations. Studies of nearby galaxies show that the mass function of globular clusters has a Gaussian distribution peaking at about 10 5 M (Jordán et al. 2007 ). In the Milky Way, the largest globular cluster is ω Centauri, which has a mass of 4.05 ± 0.1 × 10 6 M (D'Souza & Rix 2013). The most massive globular clusters cannot generate lensing signals strong enough to be detected in optical lenses at HST imaging resolution, but they could be detect in radio lens systems with VLBI imaging resolution.
In this paper we estimate the number density of globular clusters near the Einstein radius of typical early type galaxies. Using a catalogue of globular clusters in the Virgo cluster (Peng et al. 2008; Jordán et al. 2009 ), we estimate the strong lensing distortions induced by globular clusters and compare them to the distortions induced by dark matter haloes of the same mass.
The paper is organized as follows. We provide a brief description of the globular cluster catalogue in Section 2. The relation between the number of globular clusters, N and the host galaxy stellar mass. The rectangle marks the location of the Milky Way in this plane. Galaxies to the right of the vertical dashed line have similar masses to the galaxies in the SLACS sample (Bolton et al. 2008 ).
In Section 3 we calculate the number density of globular clusters in the Einstein ring region. In Section 4 we calculate the differences in the lensing effects of globular clusters and NFW haloes. We summarize our conclusions in Section 5
THE GLOBULAR CLUSTER CATALOGUE
To investigate the distortions induced by globular clusters in strong lensing systems we first estimate the total number of globular clusters expected in the lens galaxy using the catalogue of globular clusters around galaxies in the Virgo cluster compiled by Peng et al. (2008) and Jordán et al. (2009) . Fig.1 shows that the total number of globular clusters in this catalogue increases as a function of galaxy stellar mass. A typical lens galaxy in the SLACS sample (Bolton et al. 2008 ) has a stellar mass of a few 10 11 M . According to Fig. 1 , these galaxies possess more than 5000 globular clusters each. The total number of globular clusters increases as M 1.45 , where M is the stellar mass of the globular cluster. The number of globular clusters is known to be proportional to stellar mass, and may in fact be linear with total galaxy halo mass (Blakeslee et al. 1997; Peng et al. 2008; Hudson et al. 2014) .
THE NUMBER DENSITY OF GLOBULAR CLUSTERS

Projected number density profile
The projected number density of globular clusters as a function of projected radius, R, is well described by a Sérsic (Sérsic 1968) profile:
where
with three model parameters, Σe, Re and n. In this paper,we use the best-fit model parameters for globular clusters in individual Virgo galaxies derived by Lim et al. (2017 in prep.) 
Mass function
In the Einstein ring model only structures whose mass exceeds a certain threshold, M th , can be detected. If the globular cluster mass function is independent of distance from the centre of the galaxy, then the surface number density of globular clusters within the projected Einstein radius, REin, more massive than M th can be written as:
where dn/dM is the normalized globular cluster mass function (GCMF), which may be inferred from the globular cluster luminosity function (GCLF) by assuming a (constant) mass-to-light ratio, Υ. We choose widely used Gaussian GCLFs described by Jordán et al. (2007) :
where m is the absolute magnitude of a globular cluster, µm is the mean globular cluster magnitude, µm =< m > and the dispersion σm =< (m − µm) 2 > 1/2 . The form of the GCMF may be written as,
where the mass and magnitude of a globular cluster are related by
and we have
and
the constant, C, is related to Υ = M/L through
where m is the absolute magnitude of the Sun.
Estimate for six massive galaxies in the Virgo cluster
Combining the mass function and number density profile we can estimate the number of globular clusters in a given mass range projected onto a specific annulus. We estimate the project number density of globular clusters in six massive galaxies in the globular cluster catalogue of the Virgo cluster. The stellar masses of these galaxies are comparable to those of the lens galaxies in the SLACS sample. We list the mass of these six galaxies in Table 1 . We use the values of µm and Υm derived by Jordán et al. (2007) to calculate the GCLF of galaxies in the Virgo cluster in the z-band. Jordán et al. (2007) showed that Υ is nearly constant with a value of around 1.5 in this band, so we fix Υ = 1.5 throughout this paper.
The surface number density profiles of globular clusters in these six galaxies are shown in Fig. 2 . With the exception of VCC 798, all other five galaxies have globular cluster surface density profiles of similar form.
We calculate the number density of globular clusters in the annulus between 3 kpc and 5 kpc from the galaxy centre, which is about the Einstein radius of a typical lens in the SLACS survey. The lenses in this survey have a mean velocity dispersion of 275 km s −1 and a mean redshift of z = 0.2. The results are listed in Table 2 .
Using ΛCDM N-body simulations Xu et al. (2015) derived the surface number density of subhaloes in a ΛCDM universe and found that it to about 1.5 arcsec −2 in the strong lensing region of a halo of 10 13 h −1 M . As mentioned in the Introduction, in a recent paper, Li et al. (2017) showed that the dominant contribution to perturbations in Einstein ring images comes from haloes along the line-of-sight rather than from subhaloes. The number of perturbing line-of-sight haloes can be 3 times larger than the number of subhaloes. From Table 2 , the number density of globular clusters more massive than 10 6 M is about 1.5 to 9 arcsec −2 , which is comparable to the total number density of dark matter haloes. The mass function of globular clusters drops sharply above 10 6 M so, for perturber masses above 10 7 M , the contribution of globular clusters is negligible compared with that of dark CDM haloes. Thus, our previous conclusions regarding perturbers of mass ∼ 10 9 M detectable with HST imaging remain unchanged. However, future observations of radio-selected lenses with VLBI high-resolution imaging will be strongly affected by the presence of globular clusters.
THE LENSING EFFECT OF GLOBULAR CLUSTERS
Dark matter haloes and globular clusters have very different density profiles and thus generate different lensing signals.
In this section we compare the distortions induced on the strong lensing images by these two types of perturbers. We assume that the main lens lies at z l = 0.2 and we model its density profile with a singular isothermal sphere (SIS) of velocity dispersion, σv = 275 km s −1 . A globular cluster or a dark matter subhalo is then placed at the Einstein radius. A source galaxy whose surface brightness profile is taken to be a Gaussian of dispersion, σsource = 0.02 , is assumed to be located at redshift zs = 0.7. Using a ray-tracing Figure 2. Globular cluster number density profiles of six massive galaxies in the Virgo cluster. The region between the two dashed vertical lines is the range of Einstein radii of typical SLACS lenses.
code we generate a lensed image on a plane of 8000×8000 pixels, each of size 0.7 milli-arcsecond. We assume the dark matter subhalo follows a density profile given by the NFW formula (Navarro et al. 1996 (Navarro et al. , 1997 :
where x = r/rs and rs is the scale parameter. The concentration parameter, c, is defined as
where r200 is the radius within which the average interior density equals 200 times the critical density. We adopt the halo mass-concentration relation derived by Neto et al. (2007) from the Millennium simulation (Springel 2005) :
The density profile of the globular cluster is represented with a King model (King 1966) . Its density, ρ(r), can be obtained by solving the following equations:
where r0 is a scale parameter and W0 and Eq. 12d are the initial conditions for Eq. 12a. The King model has three parameters: W0, ρ0 and Mgc, the mass of the globular cluster.
To compare the surface mass density profiles of our two kinds of perturbers, we consider the most massive globular cluster in the compilation of McLaughlin & van der Marel (2005) , NGC 5139, whose King model parameters are Mgc = 10 6.37 M , W0 = 6.2 and ρ0 = 10 3.43 M pc −3 . In Fig. 3 , we compare the surface density profile of NGC 5139 with the profile of a NFW halo of the same mass. It is clear that the globular cluster is much more concentrated than the NFW subhalo. The radius of the globular cluster is 72 pc, while the radius of the much more extended dark halo is r200 ∼ 2000 pc.
In Fig.4 we illustrate the distortions induced on a lensed image by the different kinds of perturber. Each panel shows a section of an Einstein ring near the projected position of the perturber. The presence of the perturber distorts the image around it. For the globular cluster, the induced distortion changes the surface brightness around its position by about 2%, while for the NFW halo of the same mass, no distortion is visible on the plot.
The right-hand panel of Fig.4 shows the result of forcefitting the perturbation induced by the globular cluster assuming, incorrectly, that it is due to an NFW halo. The best-fit mass of the NFW model is 10 6.54 M , which is about 1.5 times the input value for the globular cluster, and the best-fit concentration, c, is 10 4.45 , which is about 1200 times the value predicted for a cold dark matter halo of that mass (Neto et al. 2007 ). For six galaxies listed above, the average number density for globular clusters with mass larger than 10 6.37 M is 0.88 arcsec −2 , which is larger than that of dark matter halos in the lens plane with mass larger than 10 6.54 M showed in Li et al. (2017) , but this will not have great effects on the detection of dark matter halos, since we note that the NFW profile actually cannot fit the image perturbed by the globular cluster. Although the amplitude of the variation in brightness caused by this ultra-dense NFW halo is comparable to that caused by the globular cluster, the differences in the images are still visible by eye. This result demonstrates that although a globular cluster can generate a lensing signal that is strong enough to be detected with VLBI imaging, proper modelling can clearly distinguish between the distortions produced by globular clusters and by dark matter haloes.
DISCUSSION AND SUMMARY
Small distortions of images of Einstein rings or giant arcs offer the exciting prospect of detecting dark matter haloes or subhaloes too small to have made a visible galaxy. Since a fundamental property of the cold dark matter model of cosmogony, which distinguishes it from other possibilities such as warm dark matter, is the existence of a very large number of such small haloes, detecting them could discriminate between different kinds of dark matter particles, and even rule out the cold dark matter model altogether.
A possible source of contamination of the signal are globular clusters which can also distort a strong lensed image. These distortions are detectable with milli-arcsecond resolution imaging. In this paper we have calculated the lensing effect of globular clusters and compared it to the lensing effect of intervening dark matter haloes.
We selected six early type galaxies in the Virgo cluster of stellar mass ∼ 10 11 M , similar to the mass of strong lens galaxies in the SLAC survey. The number density of globular clusters of mass ∼ 10 6 M is between 1.5 to 9 arcsec −2 , which is comparable to the number of dark matter perturbers, when both subhaloes and line-of-sight haloes in the same mass range are counted. These globular clusters are not massive enough to be detected through their lensing effects with images taken by Hubble Space Telescope at the typical lens redshift, but can be detected with VLBI imaging of milli-arsecond resolution.
We used a ray-tracing method to compare the distortions of the image of an Einstein ring or giant arc induced by a globular cluster and by an NFW halo. We find that the globular cluster produces a much stronger lensing signal than an NFW halo of the same mass, because the density profile of a globular cluster is much more centrally concentrated than that of a dark matter halo.
Imaging at milli-arsecond resolution can therefore distinguish a globular cluster from a dark matter halo. If the NFW density profile is used to model the distortion caused by a globular cluster a poor fit is obtained and the inferred concentration parameter is orders of magnitute higher than the concentration of a real NFW halo of the same mass. We conclude that globular clusters will not compromise efforts to measure the abundance of low mass dark matter haloes and subhaloes, but their detection would be a byproduct of efforts to constrain the identity of the dark matter from the strong lensing test.
